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This paper proposes a qualitative representation for robot kinematics in order to close the gap,
raised by the perception–action problem, with a focus on intelligent connection of qualitative states
to their corresponding numeric data in a robotic system. First, qualitative geometric primitives are
introduced by combining a qualitative orientation component and qualitative translation component
using normalisation techniques. A position in Cartesian space can be mathematically described by
the scalable primitives. Secondly, qualitative robot kinematics of an n-link planar robot is derived
in terms of the qualitative geometry primitives. Finally, it shows how to connect quantitativeness
and qualitativeness of a robotic system. On the one hand, the integration of normalisation and
domain knowledge generates normalised labels to introduce the meaningful parameters into the pro-
posed representation. On the other hand, the normalised labels of this representation can be con-
verted to a quantitative description using aggregation operators, whose numeric outputs can be
used to generate desired trajectories based on mature interpolation techniques.
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There exists an interesting gap between traditional robotics and cognitive robotics, or
robot motion and human perception [1]. More speciﬁcally, that is the intelligent connec-
tion of numeric data used in conventional robotics and symbols in high-level cognitive
functions. The reason is twofold. On the one hand, research in robotics has traditionally
emphasized low-level sensing and control tasks including sensor processing, path planning
and control; on the other hand, research in cognitive robotics is concerned with endowing
robots and software agents with higher level cognitive functions that enable them to rea-
son, act and perceive in changing, incompletely known, and unpredictable environments.
This gap is one of crucial issues for interdisciplinary research in intelligent robotics among
engineering community, robotics community and AI community. It emphasises the goal
of robotics research that ‘‘robotics is the intelligent connection of perception to action’’
[2,3].
Research on qualitative reasoning and model-based technology can be found in [4–7].
Generally speaking, there are two type of approaches to qualitative spatial representations
[8,9]. One is to explore what aspects do lend themselves to qualitative representation, the
other is to use a quantitative representation as a starting point and compute problem-spe-
ciﬁc qualitative representations to reason with. Cohn and Hazarika [10] gave suﬃcient
overview of qualitative spatial representation and reasoning techniques by investigating
the main aspects of the representation of qualitative knowledge including ontological
aspects, distance, orientation and shape, and qualitative spatial reasoning including rea-
soning about spatial change. The representation of qualitative kinematics is the well devel-
oped ﬁeld in qualitative spatial representation. Its history can be covered by the following
research work. Firstly, the possible motions of objects are represented by qualitative
regions in conﬁguration space representing the legitimate positions of parts of mechanisms
[11]. Faltings built upon Nielsen and Forbus’ earlier work on qualitative kinematics [12],
and developed a ﬁrst principles algorithm for analysing planar mechanisms. However, this
work suﬀered from the limitation that certain problems could not be solved without
including quantitative information. Secondly, Olivier et al. proposed a qualitative kine-
matics reasoning method based upon the use of occupancy arrays [13]. This approach
worked simply on the constraint that no two objects occupy the same occupancy array
position and can be extended to include semi-quantitative information. Thirdly, Kramer
[14] proposed ‘The Linkage Assistant’ kinematics simulator which demonstrated that
mechanism kinematics analysis did not solely have to rely on exact geometric mechanism
information. Fourthly, Liu [15] presented a qualitative representation and reasoning
approach based upon the formalism of qualitative trigonometry, qualitative arithmetic,
and qualitative spatial inference. In addition, Liu and Coghill [16,17] proposed fuzzy qual-
itative trigonometry assisting qualitative calculation and reasoning of trigonometry-based
systems. However, developing a general approach to the representation of qualitative kine-
matics is still an open problem. This study aims at developing a general qualitative repre-
sentation for kinematics planar robots in order to help to solve the perception–action
problem in robotics; the approach can also be extended to general mechanisms.
The rest of this paper is organised as follows: Section 2 presents qualitative geometric
primitives in Cartesian space. Section 3 derives a qualitative representation for qualitative
robot kinematics. Section 4 addresses how the representation connects both qualitative
states and numeric robot data. Section 5 concludes this paper.
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The degrees of freedom of a robotic system can be simply viewed as the number of coor-
dinates that it takes to uniquely specify the position of the system. Consider a rigid planar
ﬁgureA that is free to move in a two-dimensional plane. Its motion along its two degrees
of translation and around its one degree of orientation can be described in terms of its
degrees of freedom, whatever coordinates are used to describe its position. The position
representation of a system consists of two components: a translation component and an
orientation component. The position of ﬁgureA is denoted byApðCt;CoÞ in general coor-
dinates, where Ct stands for a translation component, Co for an orientation component.
The formulaApðCt;CoÞ can be used to describe the position in both quantitative or qual-
itative terms. Its quantitative representation is Apðpl; phÞ, while its qualitative representa-
tion is given byApðqpl; qphÞ. In order to connect robot motion and perception, we need to
deﬁne the mathematical description of ApðCt;CoÞ for qualitative analysis.
Further, let us consider the facts presented by Freksa [18–20]. First, qualitative knowl-
edge is relative knowledge where the reference entity is a single value rather than a whole
set of categories. Secondly, qualitative knowledge is obtained by comparing features within
the object domain. The two facts inspire a solution to the intelligent connection problem.
That is that the qualitative position description can be obtained by mapping numeric data
into a unit circle using normalisation techniques, where a full orientation [0,2p) can be nor-
malised into a unit range [0,1). Hence, the range [0,1) provides a reference entity for com-
parison of translation and orientation features. Furthermore, the general representation of
ﬁgure A can be given by ApðCtðsÞ;CoðrÞÞ, where s, r are deﬁned as the mapping param-
eters over quantisation. Basically, s and r are the numbers of the interval ranges that a
translation component and an orientation component have, respectively, in the context
of normalisation reference. As s !1 and r !1, the limits of Ct(s) and Co(r) in Eq.
(1) are approaching the set of real numbers R, that is, quantitative description Apðpl; phÞ
lims!1CtðsÞ ¼ pl
limr!1CoðrÞ ¼ ph
ð1Þ
On the other hand, as s !1 and r !1, the limits of Ct(s) and Co(r) in Eq. (2) are
approaching a set of s0 qualitative states for a translation component and a set of r0 qual-
itative states for an orientation component in qualitative terms
lims!s0CtðsÞ ¼ qpl
limr!r0CoðrÞ ¼ qph
ð2Þ
Hence, the intelligent connection herein actually is the problem of how to construct the
mapping between the right-side terms of Eqs. (1) and (2). The proposed method of solving
the connection problem can be achieved by data normalisation and aggregation. For
instance, a set of two-dimensional numeric data P ðpxðiÞ; pyðiÞÞ, where i = 1, . . . ,n, and
assume a reasoning system requires a set of corresponding symbols. The data set can be
mapped into a unit circle by data normalisation, i.e., Eq. (3)
l^i ¼ li
maxðliÞ ; h^i ¼
hi
2p
ð3Þ
where li ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2i ðxÞ þ p2i ðyÞ
p
, hi ¼ arctg piðyÞpiðxÞ
 
.
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and also evenly divide a full orientation into ﬁve interval ranges and a unit length into
eight interval ranges. That is to say, r = 5 and s = 8 if the interval ranges are described
in terms of normalised intervals. Then please see Fig. 1, the normalised numeric data in
the dark area can be represented by a qualitative symbol or qualitative state QS(2,3) in
Eq. (4), in which elements ‘‘0.25’’ and ‘‘0.6’’, are symbols instead of numeric data. They
show qualitative information in terms of the orientation and translation positions with
‘‘1’’ as a reference entity. The combined qualitative description of QS(2,3) is given in
Fig. 2
QSð2; 3Þ ¼ 2
8
;
3
5
 
¼ 0:25
1
;
0:6
1
 
ð4Þ
On the other hand, the connection requires that output symbols from a reasoning system
should be able to transfer back to the description in terms of numeric data. For instance, a
numeric sampling point has to be extracted from the dark area in Fig. 2 to represent sym-
bol QS(2,3). There are many techniques that can be used for this purpose such as hand-
coded methods, random selection and aggregation methods [21]. In the paper aggregated
values are used for numeric data extraction such as diﬀerent type of mean functions. The
aggregated value Pðla; haÞ can be obtained by
la ¼ f ðQSð2ÞÞ; ha ¼ f ðQSð3ÞÞ
where f( ) is an aggregation operator.
For instance, given the trajectory of an ellipse shown in Fig. 3, its qualitative represen-
tation (i.e., the inside continuous black area within a unit circle), can be obtained, where
s and r are set as 20 and 19, respectively. Please note that the number of symbols in
either an orientation component or a translation component is decided by the domain—1.5 —1 0.5 0 0.5 1 1.5
—1.5
—1
—0.5
0
0.5
1
1.5
Fig. 1. The separate qualitative description of QS(2,3).
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Fig. 2. The combined qualitative description of QS(2,3).
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Fig. 3. The qualitative representation of a set of numeric data (s = 20, r = 19).
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normalised symbols can be integrated into the symbol-based system. The set of either ori-
entation symbols or translation symbols is called a quantity space. There is not a well-
deﬁned deﬁnition for quantity space yet, it can be understood as that a quantity space
is utilized to represent continuous values via sets of ordinal relations, it can be thought
of as partial information about a set of elements [22]. The elements can be represented
by intervals, ratio and fuzzy intervals. Fuzzy intervals have also been used in fuzzy reason-
ing about mechatronics systems [23]. We use the representation of a four-tuple fuzzy num-
ber in paper [23], say, a fuzzy number [a,b,s,b]. Due to the fact that a motion component
comprises evenly distributed normalised numeric data, fuzzy numbers should have the
same shape; what is more, for simplicity, we have b  a = j0s and s = b, and the member-
ship value of the crossing point of adjacent fuzzy numbers is 0.5. Hence, a function for
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the following, where ½ai; bi; si; bi denotes the ith symbol QS(i)
QSðiÞ ¼
½0; j0s; 0; b; i ¼ 1
½ðj0 þ 1Þði 1Þs; ðj0 þ 1Þis s; 0; b; i ¼ 2; :::; n 1
½1 j0s; 1; s; 0; i ¼ n
8><
>: ð5Þ
where s ¼ 1nðj0þ1Þ1. j0 is a threshold parameter to deﬁne the shape of the fuzzy numbers, j0
and n are chosen by symbolic systems.
3. Qualitative robot kinematics
This section starts with the introduction of conventional robot kinematics, next quali-
tative robotic primitives are proposed, and then a qualitative version of robot kinematics
is derived based on the robotic primitives. Finally the change of qualitative states is
discussed.
3.1. Conventional robot kinematics
A robot can be considered to consist of a series of links connected together with joints.
For simplicity, we concern an n-link planar robot with revolute joints only, we assign a
frame of reference to each link, which are named systematically with numbers, for
instance, the ith link is numbered i from the immovable base part of a robot. The frame
of reference joined to the base is named as global reference frame which is the reference
frame for a robot; the frame joined to the ith link is named as ith local reference frame.
Robot kinematics is the study of motion of robots; it includes forward kinematics and
inverse kinematics. The former is to calculate the position of any point in the work volume
of a robot given the length of each link and the angle of each joint; the latter is to calculate
the angle of each joint given the length of each link and position of the point in work vol-
ume. We consider forward kinematics in this paper, the end position of the nth link of the
robot P ðpx; pyÞ can be formalized in Eq. (6) provided its each link length li and its corre-
sponding absolute angle hi. Please note that li and hi are numeric
PðHÞ ¼ pyðHÞ
pxðHÞ
" #
¼
Pn
i¼1
li cosðhjÞ
Pn
i¼1
li sinðhjÞ
2
664
3
775 ð6Þ3.2. Qualitative robotic primitives
Roughly speaking, there are two types of robotic primitives: revolute and prismatic
joints, see Figs. 4 and 5. They can be used to construct a wide range of robotic systems.
For the former, l0 denotes the length of its rigid link, h denotes its orientation variable;
for the latter, l denotes its translation variable, h0 denotes its starting angular state.
The qualitative representation of the end-eﬀector of a revolute primitive in Fig. 4 is
given in Eq. (7). The quantity space of a translation component Qd is a one-item quantity
space [l0], the quantity space of an orientation component Q
a is on the closed range [0 2p]
lθ
0
Fig. 4. A revolute robotic primitive.
l
θ0
Fig. 5. A prismatic robotic primitive.
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Qa ¼ qphjqph 2 ½0; 2p
(
ð7Þ
The qualitative representation of a prismatic primitive shown in Fig. 5 is given in Eq. (8).
The quantity space of its translation component Qd belongs to closed range [0 l], its Qa is a
one-item quantity space, [h0]
Qd ¼ qpljqpl 2 ½0; l
Qa ¼ qphjqph 2 ½h0
(
ð8Þ
The general qualitative representation of robot components including two joints shown in
Figs. 6 and 7 is given in Eq. (9). The diﬀerence from those single primitives in Figs. 4 and 5
is that a constraint function Cdof is introduced to conﬁne the order of degrees of freedom
of a robot from its base. The robotic structures in Figs. 6 and 7 are distinguished by value
assignment of their Cdof, whose entries, qph; qpl in Fig. 6 are assigned to 1 and 2, those in
Fig. 7 are assigned in the other way around
Qd ¼ qpljqpl 2 ½0; l0
Qa ¼ qphjqph 2 ½0; 2p
Cdof ¼ fqpl; qphg
8><
>: ð9Þl
l
θ
0
Fig. 6. Robot components.
lθ
Fig. 7. Robot components.
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ponent and r normalised symbols for the orientation component in the following:
Qd ¼ qpljqpl 2 l1l ; l2l ; ; . . . ; ls1l ; 1
 
Qa ¼ qphjqph 2 qh12p ; qh22p ; . . . ; qhr12p ; 1
 
Cdof ¼ fqph ¼ 1; qpl ¼ 2g
8><
>: ð10Þ
where
0 6 l1
l
6 l2
l
6    6 ls1
l
6 1
0 6 qh1
2p
6 qh2
2p
6    6 qhr1
2p
6 13.3. Qualitative representation of robot kinematics
The components of a robot are described at a coarse but important level by just two
attributes: their position and their orientation. The aim of robot qualitative representation
is the manner in which we qualitatively represent these quantities and manipulate them
mathematically. The quantitative description of an n-link serial robot shown in Eq. (6)
can be rewritten in qualitative terms
PðQSðHÞÞ ¼
Pn
i¼1
pixðQSðhiÞÞ
Pn
i¼1
piyðQSðhiÞÞ
2
664
3
775 ¼
Pn
i¼1
li cosðQSðhiÞÞ
Pn
i¼1
li sinðQSðhiÞÞ
2
664
3
775 ð11Þ
Though the above equation is very similar to Eq. (6), it diﬀers from Eq. (6) in two essen-
tial aspects. First, Eq. (11) deals with qualitative symbols, QS(hi), instead of numeric
input; secondly trigonometric functions in numeric terms are replaced by fuzzy qualita-
tive trigonometric functions [16,17,24]. Fuzzy qualitative trigonometric functions are
the conventional trigonometric functions in fuzzy qualitative terms. They allow dealing
with normalised fuzzy intervals as parameters; their outputs are usually a set of fuzzy
intervals.
Hence, an n-link robot can be decomposed into n-link based segments, each of which
can be described in its local coordinate system by robot primitives, the position and
orientation of its end-eﬀector can be qualitatively described in global reference coordi-
nates. The local representation of the ith link can be described by AipðCtðsiÞ;CoðriÞÞ as
follows:
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Qa ¼ qpihjqpih 2 ½qhi1; qhi2; . . . ; qhiri1; 2p
(
ð12Þ
where
qpij ¼
lij
si
; qhij ¼
2pj
ri
0 6 qpi1 6 qpi2 6    6 qpiðsi1Þ 6 li
0 6 qhi1 6 qh
i
2 6    6 qhiðri1Þ 6 2p
The qualitative position of the ith joint component can be described by a pair of its
qualitative position and qualitative orientation. Mapping the representation of the ith seg-
ment into a unit circle using normalisation in its local coordinates, Eq. (12) can be rewrit-
ten as
qpil qp
i
l 2
qpi
1Pn
i¼1li
;
qpi
2Pn
i¼1li
; . . . ;
qpiðsi1ÞPn
i¼1li
; liPn
i¼1li
 				
qpih qp
i
h 2 qh
i
1
2p ;
qhi2
2p ; . . . ;
qhiðri1Þ
2p ; 1
 				
8>><
>>:
ð13Þ
The representation of the position of an end-eﬀector in global coordinates is essential in
robotics because an end-eﬀector is used to carry out workspace tasks. The qualitative
representation of an end-eﬀector can be obtained in the following:
qpl ¼ 
n
i¼1
qpiljqpil 2 UCql
qph ¼ 
n
i¼1
qpihjqpih 2 UCqhi
Cdof ¼ UCdof
8>><
>>>:
ð14Þ
where
UCqpl ¼
qpi1Pn
i¼1li
;
qpi2Pn
i¼1li
; . . . ;
qpiðsi1ÞPn
i¼1li
;
liPn
i¼1li
" #
UCqpi
h
¼ qh
i
1
2p
;
qhi2
2p
; . . . ;
qhiðri1Þ
2p
; 1
" #
:
UCdof ¼ ½qpih ¼ i; i 2 ð0; 1; . . . ; nÞ
Here UCqpil stands for the translation component of the ith link segment in a unit circle;
UCqpi
h
for the orientation component. The constraint function Cdof is employed to deﬁne
the degrees of freedom constraints between components. qp0h ¼ 0 stands for the base of the
robot when i is equal to zero. The qualitative representation of the end-eﬀector is a qual-
itative addition of the translation and orientation components of each link segment based
on its constraints of their degrees of freedom. The role of qualitative addition can be
carried out by a variety of qualitative techniques. For example, fuzzy arithmetic can be
employed given the components are described by fuzzy numbers.
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In terms of the representation of robot qualitative position, DAðDCtðsÞ;DCoðrÞÞ is used
to denote the change of qualitative states, which consists of two components for the
change of the translation and orientation. The state change, DCtðsiÞ;DCoðriÞ of the ith link
segment from time instant t to t 0 are given as follows:
DCtðsiÞ ¼ signðqpilðt0Þ  qpilðtÞÞ ¼
þ Dqpil > 0
0 Dqpil ¼ 0
 Dqpil < 0
8<
:
DCoðriÞ ¼ signðqpihðt0Þ  qpihðtÞÞ ¼
þ Dqpih > 0
0 Dqpih ¼ 0
 Dqpih < 0
8<
:
ð15Þ
The state change of an end-eﬀector, DApðDCtðsÞ;DCoðrÞÞ, can be derived based on Eq.
(14)
DCtðsÞ ¼ sign 
n
i¼1
Dqpilðt0Þ  
n
i¼1
DqpilðtÞ

 
DCoðrÞ ¼ sign 
n
i¼1
Dqpihðt0Þ  
n
i¼1
DqpihðtÞ

  ð16Þ
Generally speaking, it is impossible to compare two symbolic labels in diﬀerent represen-
tation scales. For instance, if there are two quantity spaces [lowest, lower, medium, faster,
fastest] and [lower, medium, fast] for qualitative descriptions of their state change, no one
can tell whether or not the label fastest from the former quantity space changes quicker
than the label fast in the latter. The reason is that there is no reference standard for the
labels that are used to reﬂect the perception, without which there is no way to carry out
the qualitative arithmetic. Sharing labels across subsystems is a crucial problem in AI re-
search. One of the advantages of the proposed approach is the introduction of normalised
labels as the reference entity for relationship construction of robot link segments. On the
one hand, the items of UCqpil and UCqpih in Eq. (14) correspond to the normalised symbols
of the ith link segment. On the other hand, they also have relative quantitative description
of knowledge features with a unit circle.
4. Intelligent connection
This section presents how the proposed approach connects symbolic qualitative states
to their numeric trajectories.
4.1. Connection to qualitative states
Almost all reasoning systems are based on symbols including intervals, fuzzy numbers
and pure symbols so it is crucial to generate scalable symbols, which can properly reﬂect
their symbolic meaning. It requires that normalised qualitative states not only serve as
atomic symbols for symbols used in symbolic systems, but also can be qualitatively calcu-
lated in terms of normalised symbols. Hence, connection to qualitative states should
include normalised symbol generation and qualitatively calculation/reasoning.
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Section 2, its variants can be used to deal with data in diﬀerent types of coordinates.
The ellipse trajectory in Fig. 3 actually is the end-eﬀector trajectory of a three-link planar
robot, from which it can be seen that numeric data is mapped into a unit circle and can be
described by normalised symbols.
The qualitative workspace of a link segment in Eq. (13) can be mathematically
described in a matrixWiq
Wiq ¼
qpi
1Pn
i¼1li
;
qhi1
2p

 
   qp
i
riPn
i¼1li
;
qhi1
2p

 
..
. ..
. ..
.
qpi
1Pn
i¼1li
;
qhisi
2p

 
   qp
i
riPn
i¼1li
;
qhisi
2p

 
2
6666664
3
7777775
and the qualitative workspace of its end-eﬀector can be qualitatively derived by the union
of qualitative workspaces of link segments, the union operation can be taken by a variety
of reasoning techniques (e.g., interval computation and fuzzy arithmetic)
Wq ¼
[n
i¼1
Wiq ð17Þ
Each entry of theWiq is comprised of the qualitative states of the orientation and trans-
lation of the ith link segment with normalised symbols. The dimension of the envisionment
of the end-eﬀector of an n-link robot, Ed , is given by
Ed ¼
Yn
i¼1
ðri  siÞ: ð18Þ
Qualitative calculation of normalised symbols can be carried out by fuzzy qualitative trig-
onometric functions [17]. For instance, a robot shown in Fig. 8 is presented to calculate its
end-eﬀector’s qualitative position using fuzzy qualitative trigonometric functions. Let the
components of links l1 and l2 have the same number of normalised fuzzy numbers and j0 is
set as 5 (i.e., no = 16 is for their orientation components and nt = 21 is for their translation
components), we obtain
UCqli ¼
1
21
;
2
21
;    ; 20
21
; 1
 T
UCqhi ¼
1
16
;
2
16
;    ; 15
16
; 1
 
and their qualitative workspaceWiq, where i = 1,2,
Wiq ¼
1
21
; 1
16
 
1
21
; 2
16
     1
21
; 15
16
 
1
21
; 1
 
2
21
; 1
16
 
2
21
; 2
16
     2
21
; 15
16
 
2
21
; 1
 
..
. ..
. ..
. ..
. ..
.
20
21
; 1
16
 
20
21
; 2
16
     20
21
; 15
16
 
20
21
; 1
 
1; 1
16
 
1; 2
16
     1; 15
16
 
1; 1ð Þ
2
66666664
3
77777775
Fig. 8. An example of a Kawasaki FA 20N robot.
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erated by using Eq. (5)
Pl1 QSd
5
21

 
 
¼ ½ 0:1263 0:1789 0:0105 0:0105 
P h1 QSa
5
16

 
 
¼ ½ 0:4068 0:4915 0:0169 0:0169 
P h2 QSa
4
16

 
 
¼ ½ 0:5085 0:5932 0:0169 0:0169 
Pl2 QSd
6
21

 
 
¼ ½ 0:3158 0:3684 0:0105 0:0105 
where QSd( ) and QSa( ) denote fuzzy numbers in a translation component and those in an
orientation component. Applying FQT SAS and AAA theorems and arcsin function [17],
the position of the end-eﬀector, PðQSaðh1Þ;QSdðl21ÞÞ, are given in Eq. (19) and the quali-
tative states of the end-eﬀector is given in Table 1
QSd
20
21
 
QSdð1Þ
 
¼ 0:8136 0:8983 0:0169 0:0169
0:9153 1:000 0:0169 0
 
QSað 116Þ
QSað 216Þ
" #
¼ 0 0:0526 0 0:0105
0:0632 0:1158 0:0105 0:0105
  ð19ÞTable 1
Qualitative position description of the end-eﬀector
QS1 QS2 QS3 QS4
QSa(h1) QSa
1
16
 
QSa
1
16
 
QSa
2
16
 
QSa
2
16
 
QSd(l21) QSd
20
21
 
QSd(1) QSd
20
21
 
QSd(1)
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Section 4.1 presents the aspect of intelligent connection on how to connect to qualita-
tive symbols. This section demonstrates how to link normalised symbols to numeric data,
that is to say, how to generate numeric data by manipulating normalised fuzzy numbers.
Aggregation operators are chosen to extract numeric data from normalised qualitative
states. The reason for that is to solve the states explosion produced by fuzzy qualitative
techniques. Aggregation operators model operations such as conjunction, disjunction
and averaging on intervals and fuzzy sets [21]. One of popular aggregation operator fam-
ilies are the ordered weighted averaging operators and their variants. Their general math-
ematical description is given in Eq. (20). The OWA operators are the extensions to the
quasi-arithmetic mean [25] in the aggregation operation of fuzzy sets [26–29], originally
studied by Yager [30]
OWAðP 1; P 2; . . . ; PnÞ ¼
Xn
i¼1
wiP rðiÞ ð20Þ
where r is an ordinal sequence, wi P 0 and Rwi = 1. The OWA operators provide a
parameterised family of aggregation operators which can be used for many of the well-
known operators by choosing suitable weights, some of the OWA are provided in the
Appendix.
Combing the ordered weighted averaging operators, Eqs. (6) and (11) are connected
together as shown in Eq. (21) whose inputs are qualitative states and output are aggre-
gated numeric data
P ðHÞ ¼ pyðHÞ
pxðHÞ
 
¼
Pn
i¼1
OWAðpixðQSðhiÞÞÞ
Pn
i¼1
OWAðpiyðQSðhiÞÞÞ
2
664
3
775 ¼
Pn
i¼1
OWAðli cosðQSðhiÞÞÞ
Pn
i¼1
OWAðli sinðQSðhiÞÞÞ
2
664
3
775 ð21Þ
The weights of the OWA can be selected based on domain knowledge or application con-
text where the aim is to adjust the OWA operator to generate suitable numeric values.
Aggregated values can be used to generate smooth trajectories using interpolation tech-
niques in robotics.
An example of a four-link planar robot is demonstrated in this section in order to reveal
the eﬀectiveness of the proposed approach. The robot is decomposed into two-link com-
ponents, each of which includes two robotic primitives shown in Fig. 4, and each link com-
ponent is modelled by Eq. (21). Input qualitative states for its joints are given in Table 2,
QSðJ jiÞ denotes the jth qualitative state for the ith joint. Quantity spaces used in Section 4.1
are employed here. Fuzzy qualitative trigonometry is ﬁrstly used for the two-linkTable 2
Qualitative input states QSðJji Þ of a four-link planar robot
i 1 2 3 4 5 6 7 8 9 10
QS(J1) 1 2 3 4 4 5 6 7 8 9
QS(J2) 3 3 4 5 6 7 7 8 9 10
QS(J3) 3 2 2 3 4 4 6 7 8 9
QS(J4) 1 3 4 5 6 7 8 8 9 10
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Fig. 9. Propagated position values of the end-eﬀector of the ﬁrst-link component for qualitative states
QS(x13,y13).
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cally it generates the qualitative position states in terms of overlapped intervals, e.g., Fig. 9
shows the overlapped position intervals for qualitative states QSðx13; y13Þ. Secondly the
median aggregation operator is used to generate aggregated values for the positions.
Aggregated values are labelled as ‘o’ in Fig. 10. It shows that the aggregated values are
within the intervals of its qualitative states. The intervals of the qualitative states in
Fig. 10 are actually the projections of the fuzzy numbers to the real lines of their universe.2 4 6 8 10
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3
4
t(sec)
J4
(ra
d)
2 4 6 8 10
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Fig. 10. Joint trajectories of a four-link robot with the qualitative states and aggregated values.
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Fig. 11. Snapshots of the four-link robot motion with the trajectories of the aggregated values in Fig. 10.
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link component mounts on the position of the end-eﬀector of the ﬁrst-link component.
Finally, interpolation techniques and inverse kinematics are applied to the two compo-
nents to produce respective joint trajectories. The snapshots of the four-link robot’s
motion are shown in Fig. 11, the aggregated values are labelled with ‘o’. Qualitative
descriptions of robotic sampling position points, e.g., those in Table 2, can be used to pro-
duce the generation of the desired trajectories in order to control the motion of a robot.
Fig. 11 has demonstrated that the proposed method is able to qualitatively controlling
atomic behaviours of planar robots; fuzzy qualitative trigonometry and aggregation oper-
ators are used to implement the control between qualitative descriptions and desired joint
trajectories. The proposed approach has pointed out a novel way towards intelligent con-
nection of motion control task and symbolic tasks, e.g., robot qualitative motion planning
and control. On the one hand, atomic behaviours of robots described by qualitative states
have the capability of being used to construct symbolic functions. On the other hand,
desired trajectories are the inputs for motion control modules. The proposed approach
works as a middleware which not only supplies atomic behaviours for symbolic sub-sys-
tems but also generates the inputs for numerical subsystems. It also indicates that the more
accurate scale of measurement reﬂecting more quantitative termed states, the more preci-
sion of controlled robotic behaviours.
5. Concluding remarks
This research has proposed a novel qualitative representation for robotic intelligent
connection. This method has ﬁrst presented qualitative primitives for robotic components,
then gradually constructs qualitative representation for a complex robot. This representa-
tion works as a converter for in-depth understanding the connection between low-level
control and sensing (i.e., robotic control modules), and high-level aggregation operators
(i.e., symbolic systems). Aggregation operators are used to describe meaningful func-
tions. The two advantages of the proposed method should be noted: one is the proposed
Table 3
OWA operators
OWA operators OWA weight deﬁnitions
Minimum w1 ¼ 1
wi ¼ 0 for i 6¼ 1

Maximum wn ¼ 1
wi ¼ 0 for i 6¼ n

Median wnþ1
2
¼ 1 for n is odd
wn
2
¼ 1
2
or wn
2þ1 ¼ 12 for n is even
wi ¼ 0 else
8><
>:
k-order statistics wk ¼ 1
wi ¼ 0 for i 6¼ k

Arithmetic mean
wi ¼ 1n for 8i
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systems with the condition that they have the same domain knowledge; the other is the
scalable normalised qualitative states/symbols for Cartesian motion components. The
number of normalised symbols determines the precision of motion description in that
the bigger the number of motion component symbols, the higher the precision of a robotic
system. It naturally provides a facility for the negotiation of the connection between the
qualitative and quantitative descriptions. However, robots are used to manipulate or inter-
act with other objects for instance human robot interaction [31], the proposed method is
sensitive to the size and shape of the objects that they handle during behaviour generation.
Learning algorithms are needed for study how to dynamically control the number of nor-
malised symbols for robot behaviour generation and robot motion planning in object-
existing environment. Our further work also targets the extension of the proposed method
to spatial robots and the problem of integrating kinematics parameters, e.g., DH param-
eters, into the proposed qualitative model.
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